In this paper, we introduce an abstract fuzzy economy (generalized fuzzy game) model with a countable space of actions and we study the existence of the fuzzy equilibrium. As applications, two types of results are obtained. The first ones concern the existence of the solutions for systems of generalized quasi-variational inequalities with random fuzzy mappings which we define. The last ones are new random fixed point theorems for correspondences with values in complete countable metric spaces.
INTRODUCTION
In equilibrium theory, there are two directions for the study of the models with differential information. The first one is due to Harsanyi [9] , whose first approach refers to Nash type models, and the second one is due to Radner [23] , who introduced differential information into the Arrow-Debreu model [2] . Since then, an entire literature has developed on this topic.
A basic problem concerning the noncooperative games with differential information was the equilibrium existence. The classical deterministic models of abstract economies due to Borglin and Keiding [3] , Shafer and Sonnenschein [24] , or Yannelis and Prabhakar [28] have had several generalizations. We can refer the reader to Yannelis's results, who introduced new information concepts based on measurability requirements or Patriche's models [17] , [19] , [21] , [22] .
A new approach of an abstract economy with private information and a countable set of actions [22] follows the ideas of Yu and Zhang in [29] , who worked with the distributions of the atomless correspondences.
This paper has two aims. Firstly, we extend the study of the model defined in [22] in the fuzzy framework, by taking into account those situations in which agents may have partial control over the actions they choose. Since we are interested in a fuzzy setting, special attention is paid to the fuzzy equilibrium existence of the fuzzy games emphasizing that this approach can be used to treat more complicated economic systems. The uncertainties derived by the individual character of agents in election situations can be interpreted using fuzzy random mappings, which can be used for the purpose of modelling and analyzing the economic systems. We continue the way opened by Kim and Lee [11] , who proved that the theory of fuzzy sets, initiated by Zadeh [31] , has became a good framework for obtaining results concerning fuzzy equlibrium existence for abstract fuzzy economies. For other results in this domain, the reader is referred to [4] , [10] , [12] , [13] , [25] , [27] .
Finally, we search for applications of our results concerning the existence of the fuzzy equilibrium for the fuzzy games with countable action sets, in connection with the systems of generalized quasi-equilibrium inequalities with random fuzzy mappings. The variational inequalities were introduced in 1960s by Fichera and Stampacchia, who studied equilibrium problems arising from mechanics. Since then, this domain has been extensively developed and has been found very useful in many diverse fields of pure and applied sciences, such as mechanics, physics, optimization and control theory, operations research and several branches of engineering sciences. Recently, the random variational inequalities have been introduced and studied in [7] , [8] , [15] , [26] , [30] . We prove the existence of the solutions for systems of random generalized quasi-variational inequalities with random fuzzy mappings which we define. As consequences, we obtain new random fixed point theorems for correspondences with values in complete countable metric spaces.
The paper is organized as follows. In the next section, some notational and terminological conventions are given. In Section 3, the model of an abstract fuzzy economy with private information and a countable space of actions is introduced and the main result is stated. Section 4 contains existence theorems for solutions of random quasi-variational inequalities with random fuzzy mappings and random fixed point theorems. In the last section, classical results are obtained as consequences.
NOTATION AND DEFINITION
Throughout this paper, we shall use the following notation: R ++ denotes the set of strictly positive reals. coD denotes the convex hull of the set D. coD denotes the closed convex hull of the set D. For the reader's convenience, we review a few basic definitions and results concerning continuity and measurability of correspondences.
Let X, Y be topological spaces and F : X → 2 Y be a correspondence. F is said to be upper semicontinuous if for each x ∈ X and each open set
Each correspondence F : X → 2 Y has two natural inverses. The upper inverse F u (also called the strong inverse) of a subset A of Y is defined by
An important result concerning upper (lower) semicontinuous correspondences is the following one.
Lemma 1. [30] Let X and Y be two topological spaces and let
is also lower semicontinuous (resp. upper semicontinuous).
Let (T , T ) be a measurable space, Y a topological space and The following properties are essential tools used to prove the existence of equilibria for abstract economies in Section 3. We follow Yu and Zhang [29] . Let Y be a countable complete metric space, (T , T , λ) an atomless probability space and
We will present some regular properties of D F , also obtained by Yu and Zhang [29] .
The next lemma states the convexity of D F for any correspondence F . We will also need Kuratowski-Ryll-Nardzewski Selection Theorem in order to prove our main results in the next section. 
FUZZY EQUILIBRIUM EXISTENCE FOR ABSTRACT FUZZY ECONOMIES WITH PRIVATE INFORMATION AND A COUNT-ABLE SET OF ACTIONS

THE MODEL OF AN ABSTRACT FUZZY ECONOMY WITH PRI-VATE INFORMATION
In this section we define a model of abstract fuzzy economy with private information and a countable set of actions. This model is a generalization of the one defined in [22] Let I be a non-empty finite set (the set of agents). For each i ∈ I, the space of actions, S i is a countable complete metric space and (Ω i , Z i ) is a measurable space. Let (Ω, F ) be the product measurable space (
and let µ be a probability measure on (Ω, F ). For a point ω = (ω 1 , ..., ω n ) ∈ Ω, define the coordinate projections τ i (ω) = ω i . The random mapping τ i (ω) is interpreted as player i's private information related to his action.
We also denote, for each i ∈ I, Meas(Ω i , S i ) the set of measurable fuzzy mappings f from (Ω i , Z i ) to S i . An element g i of Meas(Ω i , S i ) is called a pure strategy for player i. A pure strategy profile g is an n-vector function (g 1 , g 2 , ..., g n ) that specifies a pure strategy for each player.
We suppose that there exists a fuzzy mapping
For each i ∈ I, let us denote h g i = (µτ
.., h gn ).
Definition 1. An abstract fuzzy economy (or a generalized fuzzy game) with private information and a countable space of actions is defined as
Γ = (I, ((Ω i , Z i ), (S i , A i , P i , a i , b i , z i ))) i∈I , µ)), where: (a) X i : Ω i → F (S i ) is the action (strategy) fuzzy mapping of agent i, (b) for each ω i ∈ Ω i , A i (ω i ,·) : D (X(·))z → F (S i ) is the random fuzzy constraint mapping of agent i; (c) for each ω i ∈ Ω i , P i (ω i ,·) : D (X(·))z → F (S i ) is the random fuzzy preference mapping of agent i; (d) a i : D (X(·))z → (0, 1] is a random fuzzy constraint function and p i : D (X(·))z → (0, 1] is a random fuzzy preference function; (e) z i ∈ (0, 1] is such that for all (ω i , h g ) ∈ Ω i ×D (X(·))z , (A i (ω i , h g )) a i (hg) ⊂ (X i (ω i )) z i and (P i (ω, h g )) p i (hg) ⊂ (X i (ω)) z i .
Definition 2. A fuzzy equilibrium for Γ is defined as a strategy profile
g * = (g * 1 , g * 2 , ..., g * n ) ∈ i∈I Meas(Ω i , S i ) such that for each i ∈ I : 1) g * i (ω i ) ∈ (A i (ω i , h g * ) a i (h g * ) for each ω i ∈ Ω i ; 2) (A i (ω i , h g * )) a i (h g * ) ∩ (P i (ω i , h g * )) p i (h g * ) = φ for each ω i ∈ Ω i .
EXISTENCE OF THE FUZZY EQUILIBRIUM FOR ABSTRACT FUZZY ECONOMIES WITH A COUNTABLE SET OF ACTIONS
In this subsection we prove the existence of fuzzy equilibrium of abstract fuzzy economies.
Theorem 7 is our main result. 
is upper semicontinuous with non-empty compact values; d) the fuzzy mapping
Meas(Ω i , S i ) an equilibrium for Γ.
Proof. According to Lemma 3, D (X i (·))z i is non-empty and convex. According to Lemma 4, D (X i (·))z i is compact. For each i ∈ I let us denote
Then, the correspondence F i has non-empty compact values and is measurable with respect to Ω i and upper semicontinuous with respect to λ ∈ D (X(·))z .
We denote
ii) D F i (λ) is convex and compact according to Lemma 3 and Lemma 4. We define Φ :
The set D (X(·))z is non-empty compact and convex. According to Lemma 5, the correspondence D F i is upper semicontinuous. Then, the correspondence Φ is upper semicontinuous and has non-empty compact and convex values. According to Ky Fan fixed point Theorem [6] , there exists a fixed point λ * ∈ Φ(λ * ). In particular, for each player i,
. We prove that g * is an equilibrium for Γ.
According to the assumption d), it follows that g *
. This is equivalent with the fact that g *
is an equilibrium for Γ.
RANDOM QUASI-VARIATIONAL INEQUALITIES WITH RANDOM FUZZY MAPPINGS
New types of systems of generalized quasi-variational inequalities
Noor and Elsanousi [15] introduced the notion of a random variational inequality. We also propose the next systems of generalized quasi-variational inequalities.
Let I be a non-empty and finite set. For each i ∈ I, let S i be a countable complete metric space and (Ω i , Z i ) a measurable space. Let (Ω, F ) be the product measurable space ( i∈I Ω i , i∈I Z i ) and µ a probability measure on (Ω, F ). For a point ω = (ω 1 , ..., ω n ) ∈ Ω, define the coordinate projections τ i (ω) = ω i .We also denote, for each i ∈ I, Meas(Ω i , S i ) the set of measurable fuzzy mappings f from (Ω i , Z i ) to S i . We suppose that there exists a correspondence X i : Ω i → S i and let D X i be the set {(µτ
We associate the next generalized quasi-variational problem with A i and ψ i :
If S i is a countable completely metrizable topological vector space, we introduce the following definition.
Let S ′ i be the dual space of S i and
, where the real part of pairing between S ′ i and S i is denoted by Re v, x for each v ∈ S ′ i and x ∈ S i . We will work on the next fuzzy model:
For each i ∈ I, let S i be a countable complete metric space and (Ω i , Z i ) is a measurable space. Let A i : Ω i × D X → F (S i ) be a fuzzy mapping and let a i : D X → (0, 1] be a fuzzy function. Let ψ i : Ω i ×D X ×S i → R∪{−∞, +∞}. Now, we are introducing the next type of variational inequality:
where
If A i : X → 2 S i is a classical correspondence, then we get the variational inequality defined in (1).
Finally, we introduce the following system of generalized quasi-variational inequalities, in case that, for each i ∈ I, S i is a countable completely metrizable topological vector space, (Ω i , Z i ) is measurable space, 
The existence of the solutions of the systems of generalized quasi-variational inequalities with random fuzzy mappings
In this section, we are establishing new results concerning the existence of the systems of generalized random quasi-variational inequalities with random fuzzy mappings and we also are stating random fixed point theorems. The proofs rely on the theorem of fuzzy equilibrium existence for the abstract fuzzy economy. This is our first theorem. 
is upper semicontinuous with non-empty compact values;
Let us assume that the mapping
We shall show that the abstract economy Γ = (I, (
) satisfies all the hypotheses of Theorem 7.
Suppose
is upper semicontinuous with non-empty values and according to
According to the definition of α i , we note that, for each
According to b) and f), it follows that for each λ ∈ D (X(·))z , the cor-
Thus, the abstract fuzzy economy Γ = (I, (
) satisfies all the hypotheses of Theorem 7. Therefore, there exists λ * ∈ D (X(·))z such that for every i ∈ I :
If |I|=1, we obtain the following corollary. The mapping ψ :
As a consequence of Theorem 8, we prove the following Tan and Yuan's type (1995) random quasi-variational inequality with random fuzzy mappings.
Theorem 10. Let I be a non-empty and finite set. For each i ∈ I, S i is a countable completely metrizable topological vector space and (Ω i , Z i ) is a measurable space. Let (Ω, Z) be the product measurable space (
and µ a probability measure on (Ω, Z). Suppose that the following conditions are satisfied for each i ∈ I :
is upper semicontinuous with non-empty compact values;
S is upper semicontinuous with compact values;
Then, there exists λ * ∈ D (X(·))z such that for every i ∈ I:
All the hypotheses of Theorem 8 are satisfied. According to Theorem 8,
If |I| = 1, we obtain the following corollary. 
Then, there exists λ * ∈ D (X(·))z such that:
We obtain the following random fixed point theorem as a particular case of Theorem 8.
Theorem 12. Let I be a non-empty finite set. For each i ∈ I, S i is a countable complete metric space and (Ω i , Z i ) is a measurable space. Let (Ω, Z) be the product measurable space ( i∈I Ω i , i∈I Z i ), and µ a probability measure on (Ω, Z). Suppose that the following conditions are satisfied for each i ∈ I : a) the fuzzy mapping
is upper semicontinuous with non-empty compact values.
Then, there exists λ * ∈ D (X(·))z such that for every i ∈ I, λ *
, we obtain the following result. Then, there exists λ
Classical systems of generalized quasi-variational inequalities and random fixed point theorems
If we consider classical corespondences in the last section, we obtain several results concerning systems of generalized random quasi-variational inequalities and random fixed points, which are new in the literature. We present Theorem 14 as a consequence of Theorem 8. The next theorems concern the existence of the random fixed point for correspondences with values in complete countable metric spaces. If |I| = 1, we obtain the following result. 
